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1. INTRODUCTION

Theory of Multisets is an important generalization of classical set theory which
has emerged by violating a basic property of classical sets that an element can belong
to a set only once. Many authors like Yager [14], Blizard [1], Girish and John [5],
Hickman [0] etc. have studied the properties of multisets. Multisets are very useful
structures arising in many areas of mathematics and computer science [, 8, 10, 12].
Again the theory of vector space is one of the most important algebraic structures
in modern mathematics and this has been extended in different setting [3, 7, 9, 13].
In [2], we introduced a notion of multi vector space and studied some of its basic
properties. As a continuation of our earlier paper [2], here we have attempted to
formulate the concept of basis and dimension of multi vector space and to study
their properties.

2. PRELIMINARIES

In this section, the definition of a multiset (mset in short) and some of its proper-
ties are given. Unless otherwise stated, X will be assumed to be an initial universal
set and MS(X) denotes the set of all mset over X.

Definition 2.1 ([5]). An mset M drawn from the set X is represented by a count
function Cps : X — N, where N represents the set of non negative integers. For any
positive integer w, [X]¥ denotes the mset spaces.
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The algebraic operations of msets, level sets and operations on level sets are
considered as in [5, 11]. Throughout the rest of the paper X,Y will denote vector
spaces over K (where K is the field of real or complex numbers) and msets are taken
from [X]¥, [Y]~.

Definition 2.2 ([2]). Let Ay, Aa, ..., Ap, B € [X]” and X € K, then A;+As+...+ A,
and AB are defined as follows:
Cay1Ant.. 44, () =V{Ca, (1) NCay(z2) A . ACa, (20) : 1, T2y ooy Ty € X
and 1 + 22 + ... + T, =z}
and

Cap(y) = V{Cp(z) : Az = y}.

Lemma 2.3 ([2]). Let A € K and B € [X]*. Then for X # 0, Cxg(y) = Cs(\"'y),Vy €
X. For A=0,

0, y#0,
W) =\ sup Cp(x), y=0.
rzeX

Definition 2.4 ([2]). A multiset V' in [X]“ is said to be a multi vector space or
multi linear space(in short mvector space) over the linear space X, if
HVv+vey,
(ii) A\V C V, for every scalar A.
We denote the set of all multi vector space over X by MV (X).

Remark 2.5. For Ve MV(X), V4V +.-- 4+ V(ntimes) =V, ie, nV =V.

Remark 2.6 ([2]). If V € MV (X) with dim X = m, then | Cy(X) |< m+1, where
| Cv (X) | represents the cardinality of Cy (X).

Theorem 2.7 ([2]). (Representation theorem) Let V € MV (X) with dim X = m
and range of Cy = {ng,n1,....,nx} C {0,1,2,...,w}, & < m, ng = Cy(f) and
w>ng>ng >...>ng > 0. Then there exists a nested collection of subspaces of X
as

{0} C Va, ; Vi, g Vi, ; ; Vi = X such that V = ngV,, UniVy, U ... U
gV, . Also

(1) If n,m € (nj1,n4], then V,, = Vi, = V..

(2) If n € (niy1,n4] and m € (ng,ni—1], then V, 2 V.

Definition 2.8 ([2]). Let X be a finite dimensional vector space with dim X =m
and V € MV(X). Consider Proposition 2.7. Let B, be abasison V,,,, i =0,1,...,k
such that

¢B

(2.8.1) By &
Define a multi subset 5 of X by:
V{n;:x € By,}

Cp(x) = { '

0, otherwise.

¢B

L C Bnk

C
no Z v Z

Then g is called a multi basis of V' corresponding to (2.8.1). We denote the set of
all multi bases of V' by By (V).
2
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Lemma 2.9. Let s,t € R and A, Ay and As be multisets on a vector space X. Then
(1) s.(t.A) =t.(s.A) = (st).A
(2) A < Ay = t.A <t A,

Proposition 2.10. Let V € MV (X). Thenz € X, a # 0= Cy(az) = Cy(x).
Proposition 2.11. Let V € MV (X) and u,v € X such that Cy(u) > Cy(v). Then
Cy(u+v) = Cy(v).

Proposition 2.12. Let V € MV (X) and v,w € X with Cy(v) # Cv(w). Then
Cv(v+w) = Cv(v) A Cy(w).

3. MULTI LINEAR INDEPENDENCE AND M-BASIS

Definition 3.1. Let V € MV(X) and dim X = m. A finite set of vectors {z;}}'_; is
called multi linearly independent in V, if {z;}? ; is linearly independent in X and
for all {ai ;l:l C R with a; # 0, CV(ZLlaixi) = /\?Zle(ai:r:i).

Proposition 3.2. Let V € MV (X) and dimX = m. Then any set of vectors {z;}}¥,
(N < m), which have distinct counts is linearly and multi linearly independent.

Remark 3.3. Converse of the above proposition is not true. Let X = R? and w = 6.
We define a multi vector space Cy : X — N by:

@) = {6, if © = (0,0)

1, otherwise.
Then {(1,0), (0,1)} is multi linearly independent, but Cy ((1,0)) = Cyv((0,1)).

Definition 3.4. A M-basis for a multi vector space V€ MV (X) is a basis of X
which is multi linearly independent in V.
We denote the set of all M-bases of V' by Z(V).

Proposition 3.5. Let X be a vector space with dim X = m, B = {e;}"; be a
basis of X and 0 # ng > ny > ng > ... > n,y, be a finite sequence of number from
{0,1,2,...,w}. Define a multiset V' drawn from X as follows:

(Z) Cv(e) ="ng-

(’LZ) Ov(ei) = n;, 1 S ) S m

(idi) for x(# 0) = 3712, aies, Ov(x) = Nies)Ov(e:),
where J(x) = {i,1 <i<m, a; # 0}.
Then V is multi vector space over X with M -basis B.

Proof. Let z,y € X \ {0}. Then x and y can be uniquely written in the following
way:

T = ZieEqu Tie;, Yy = ZiEEUDy y;e; such that EN D, = ¢, END, = ¢,
D,ND, =¢, EUD, and EU D, are finite, non-empty and for all i € E U D,,
x; # 0 and for all i € EU D, y; # 0.

Suppose a,b # 0 and a,b € R and axz + by # 0. Let Z = {i € E : ax; + by; = 0}
and N = E'\ Z. At this stage, suppose that E, D,, D,, Z and N are all non-empty.
In case, some of these sets are empty the proof is almost similar. Now,

Cv(az +by) = Cv (X ieplazi +bys)e; + 3 e p, (axi)ei + 32 p (byi)ei)
3
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= Ov(Xienlazi +byi)ei + 3 e p, (ami)ei + 3 iep, (byi)ei).
All coefficient in the above linear combination are non-zero and thus by definition
of Cy, we have,
Cv(az + by) = (NienCv(€:)) A (Niep, Cv (i) A (Niep, Cv (€:))
= (Nienmi) A (Niep,ni) A (/\ieDyni)
= Aienup,uD, (i) > NicEUD,UD, (T4
= (ANiepup,ni) A (Niepup,ni) = Cv(x) A Cy (y).

If a,b# 0 and a,b € R and ax + by # 0, then Cy (ax + by) > Cy(x) A Cy (y).
In the case where az + by = 0, we must have Cy (azx + by) > Cy () A Cy (y).
In the case where a or b is zero, without loss of generality we may say a = 0, then

Cv (0z + by) = Cv (by) = Cv () A Cy(by) = Cv(x) A Cv (y).
O

Lemma 3.6. IfV € MV (X) andY is a proper subspace of X, then for anyt € X\Y
with Cy (t) = sup[Cyv (X \Y)], Cv(t+y) = Cv(t) ACyv(y), for ally €Y.

Proof. Since w is finite, such a t exists. Let y € Y. If Cy(y) # Cy(t), then by
Proposition 2.12, Cy (t +y) = Cv (t) A Cy (y). If Cy (y) = Cy (¢), then by Definition
24, Cy(t+y) > Cy(t) NCy(y). Since t +y € X \ 'Y and Cy (t) = sup[Cyv (X \ V)],
we must have Cy (t +y) < Cy(¢) = Cy(y) and thus Cy (t+y) = Cy (() ACy (y). O

Lemma 3.7. Let V € MV(X), Y be a proper subspace of X and Cy |y= Cy. If
B* is a M-basis for V', then there exists t € X \'Y such that Bt = B* U {t} is a
M-basis for W, where Cy = Cy |<p+s. and <BT= is the vector space spanned by
BT,

Proof. Pick t € X \'Y such that Cy(t) = sup[Cyv(X \ Y)]. Then by Lemma 3.6,
Bt = B* U {t} is a multi linearly independent and hence a M-basis for W, where
Cw =Cv |+ - O

Proposition 3.8. All multi vector spaces V. € MV (X) with dim X = m have
M-basis.

Proposition 3.9. Let V. € MV (X) where dim X = m and Cy(X \ {0}) =
{no,n1,n2,...,nx}, & < m. Then a basis B = {e1,ea,...,em} of X is a M-basis
for V if and only if BNV, is a basis of Vy,, for any i =0,1,... k.

Proposition 3.10. Let V be a multi vector space over X where dim X = m. Then
there is an one-to-one correspondence between Bar (V') and B(V).

Proposition 3.11. Let V € MV (X) with dim X = m and range of Cyv (X \{0}) =
{no,n1,....,np}t € {0,1,2,...,w}, k < m. If a basis B = {e1,e2,....em} of X is a
M-basis, then Cy(B) = {ng,n1,....,ng }.

Remark 3.12. Converse of the above proposition is not true. For example, suppose
X =R*, w= 5. Define multi vector space V with Cy as follows:
CV((Ov 0,0, 0)) =9, CV((()? 0,0,R \ {O})) =5, CV((Oa 0,R \ {O}a R)) =95,
Cv((0,R\ {0}, R,R)) = 2,Cy(R*\ (0,R,R,R)) = 2.
Then B = {(0,0,0,1), (-1,1,1,1), (1,—1,1,1),(1,1,—1,1)} is a basis of R* and
4
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Cv(B) = {2,5} = Oy(R*). But B is not a M-basis as B is not multi linearly
independent.

Definition 3.13. Let V € MV(X) with dim X = m, range of Cy (X \ {0}) =
{no,n1,-.,nk}C {0,1,2,...,w}, K < m and By be any M-basis for V. Then

Cv(Bo) = {no, MYy eeeny nk}
We define multi index of a multi M-basis By with respect to V' by:
[Bo)ar = {ri : 7; is the number of element of By taking the value n;}.

Proposition 3.14. For a multi vector space V', multi index of M-basis with respect
to V is independent of M-basis.

Proof. Let V€ MV (X) with dim X = m, range of Cy (X \ {0}) = {no,n1, ..., }
Cc{0,1,2,..,w}, k <mand w > ng >ng > ... >ng, > 0. Then for any two M-bases
By, By of V, Cv(By) = Cv(By) = {no,n1,....,nx}. Let [Bo]lyr = {ri} and [Bylm =
{ri}. Now, | BoNV,, |= Z;:Orj and | ByNV,, |= Z;:Or;-, fori =0,1,2,..., k.
As Byn'V,, and BjNV,, are both basis of V,,,, | Bo NV, |=| B, NV, |, for all
1= 0,1,2, ,k Thus [BO]M = [B(I)]M [l

Remark 3.15. As multi index of M-basis with respect to a multi vector space V is
independent of M-basis, we can use only the term multi index of V.

Definition 3.16. Let V € MV (X) with dim X =m, Cy(X) = {ng,n1, ..., ni}
C{0,1,2,...,w}, k <m and B be any basis for X.
Define index of a basis B with respect to V' by:

[B] = {r; : r; is the number of element of B taking the value n;}.

Proposition 3.17. Let V € MV (X) with dim X =m, Cy(X \ {0}) = {no, n1,....
,ne1C {0,1,2,...,w}, k <m and B be any basis of X with Cy(B) = {ng,n1,....;ng}-
If index [B] of B with respect to V is equal to the multi index of V', then B becomes
a M-basis.

Proof. Let us assume that w > ng > ng > ... > np > 0. Then {0} G V,,, &
Vi G Ve & o & Vi, = X. Suppose that [Bly = {r; : i = 0,1,2,...k}. Then
dim V,, = Z;:Orj =| BNV, |, forali=0,1,2,...,k. Thus, BNV, becomes a

basis for V,,, for each ¢ = 0,1,2,..,k. By Proposition 3.9, B is a M-basis for V. 0O

4. DIMENSION OF MULTI VECTOR SPACE
Definition 4.1. We define the dimension of a multi vector space V' over X by:

dim(V) = sup (ZCV (.13)) .

B abase for X zcB

Clearly, dim is a function from the set of all multi vector spaces to N.

Proposition 4.2. Let V € MV (X) where dim X = m < co. If B is a M-basis for

V and B* is any basis for X, then Y, Cy(z) < Y. Cy(z).
©€B* ©€B
)
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Proposition 4.3. IfV is a multi vector space over a finite dimensional vector space
X, then dim(V) = > Cy(z), where B is any M-basis for V.

rEB
Remark 4.4. If V is a multi vector space over a finite dimensional vector space X,
then dim(V') is independent of M-basis for V. It follows from Proposition 3.9 and
Proposition 3.11.

Proposition 4.5. Let X be any finite dimensional vector space and V,\W € MV (X)
such that Cy (0) > sup[Cw (X \ {0})] and Cw (8) > sup[Cy (X \ {0})]. Then there
ezists a basis B for X which is also a M-basis for V, W, VNOW and V + W.

In addition, if Ay = {z € X : Cy(z) < Cw(x)}, A2 = X \ Ay, then for all
ve BN Al,

(CVQW)(U) = Cv(’l)) and CVer(’U) = Cw(’l})
and for all v € BN Ag,

(Cvaw)(v) = Cw(v) and Cyviw(v) = Cy (v).
Proof. We prove this by induction on dim X. In case dim X = 1 the statement is
clearly true.

Now suppose that the theorem is true for all the multi vector space with dimension
of the underlying vector space equal to n.

Let V and W be two multi vector spaces over X with dim X =n+1 > 1.
Let By = {v;}7"] be any M-basis for V. We may assume that Cy (v1) < Cy(v;),
for all i = {2,3,...,n + 1}. Let H =< {v;}/)} = . Since n +1 > 1, H # {6}.
Clearly dim H = n. Define the following two multi vector spaces: V; with count
function Cy, = Cy |g and W; with the count function Cy, = Cw |g. By inductive
hypothesis there exists a basis B*, for H which is also a M-basis for V;, Wy, ViNW;
and Vi + W7, Also for all v € B* N Ay,

(Cvlﬂwl)(v) = CVl (’U) and CVIJFWl (’U) = CWl (U)
and for all v € B* N As,
(CV1QW1)<’U) = CWI (U) and CVV1+VVl (U) = CVI (’U)

We shall now show that B* can be extended to B such that B is a M-basis for V|
W, VW and V + W. Furthermore, for all v € BN Ay,

(Cvaw)(v) = Cv(v) and Cv 1w (v) = Cw (v)
and for all v € BN As,
(CVQW)('U) = Cw(’l)> and Cv+W<’U) = Cv(’l}).

Step - 1: First it will be shown that for all x € H,

(4.5.1) Coviwy lu (2) = Cviyw, (2)

Since B* is a M-basis of V; + Wy, (4.5.1) implies that B* is multi linearly indepen-
dent in V + W.

Step - 2: Let v* € X \ H such that Cy (v*) = sup[Cw (X \ H)]. By Lemma 3.6
and Lemma 3.7, B(= B* U {v*}) is an extended M-basis of B* for W.

Step - 3: Since Cy (X \H) = Cy(v1), Cy(v1) = Cy (v*) and then B(= B*U{v*})
is an extended M-basis of B* for V.
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Step - 4: Next it is shown that B(= B* U {v*}) is an extended M-basis of B*
for VN W.

Step - 5: In this step it is shown that B(= B* U {v*}) is an extended M-basis
of B* for V.+W.

Step - 6: Finally, it is shown that if v* € A; then Cyyw (v*) = Cw (v*) and if
v* € Ag then Cypw (v*) = Cy (v*).
Through all this step, the proof is done. O

Corollary 4.6. If VW € MV (X) with dim X is finite and Cy (0) > sup[Cw (X \
{6})] and Cw(0) > sup[Cv(X \ {0})], then dim(V + W) = dim V + dim W —
dim (VNW).

Example 4.7. Suppose X = R?, w = 6. Define two multi vector spaces V and W
with count functions Cy and Cyy respectively as follows:
Cy ((0,0)) = 5, Cy ((0,R \ {0})) = 3, Cy (X \R) = 1,
Cow((0.0)) = 6, Cy({(w,) : 2 € R\ {0}}) = 2, Co (X \ {(w,) : 2 € R}) = 1.
Then Cy (0) > sup[Cw (X \ {0})] and Cw (0) > sup[Cy (X \ {6})]. It is also easy to
check that
Cvew ((0,0)) =5, Cvaw ({(z,2) : x € R\ {0}}) =1,
CVHW(X \ {(.T,Z‘) T e R}) =1, CV+W((O7O)) =9,
Cy (0, R\ {0})) = 3; Cy oy (X \ (0,R)) =2
and
B =1{(0,1),(1,1)} is a M-basis for V, W, VN W and V + W.
Thus dim (V4+W)=3+2=5,dm(VNW)=1+1=2,
dimV =3+1=4,dimW =2+1=3.
So, dimV +dim W —dim (VNW)=4+3-2=5=dim (V+W).

Definition 4.8. Let V € MV(X) and f: X — Y be a linear map. Then we define
f(V) as:
_ Jsup{Cy(2):z € fH )} if fTH @) £ 6
Crovy(x) = )
0 otherwise.
and kerf = (kerf,Cy |kerf), imf = (imf,Cv limy).

Proposition 4.9. IfV € MVgX) where dim X is finite and f : X — Y is a linear
map, then dim(kerf) + dim(imf) = dim(V).

5. CONCLUSION

There is a future scope of study about infinite dimensional multi vector space and
behavior of linear operators over multi vector spaces.

Acknowledgments. The research of the 1st author is supported by UGC (Univer-

sity Grants Commission), India under Junior Research Fellowship in Science, Hu-

manities and Social Sciences. The research of the 2nd author is partially supported

by the Special Assistance Programme (SAP) of UGC, New Delhi, India [Grant No.
7



Moumita Chiney et al./Ann. Fuzzy Math. Inform. x (201ly), No. x, xx—xx

F 510/3/DRS-111/2015 (SAP -1)).

REFERENCES

W. D. Blizard, Multiset theory, Notre Dame J. Formal Logic 30 (1989) 36-66.
M. Chiney, S. K. Samanta, Multi vector space, Annals of Fuzzy Mathematics and Informatics
13 (5) 553-562.
[3] S. Das, P. Majumdar and S. K. Samanta, On soft linear spaces and soft normed linear spaces,
Annals of Fuzzy Mathematics and Informatics 9 (1) (2015) 91-109.
[4] M. Delgado, M. D. Ruiz and D. Sanchez, Pattern extraction from bag data bases, Internat. J.
Uncertain. Fuzziness Knowledge-Based Systems 16 (2008) 475-494.
[5] K. P. Girish, S. J. John, General relations between partially ordered multisets and their chains
and antichains, Math. Commun. 14 (2) (2009) 193-206.
[6] J. L. Hickman, A note on the concept of multiset, Bull. Austral. Math. Soc. 22 (2) (1980)
211-217.
[7] A. K. Katsaras, D. B. Liu, Fuzzy vector spaces and fuzzy topological vector spaces, J. Math.
Anal. Appl. 58 (1977) 135-146.
[8] A. Klausner, N. Goodman, Multirelations-Semantics and languages, in: Proceedings of the
11th Conference on Very Large Data Bases VLDB’85 (1985) 251-258.
[9] P. Lubzonok, Fuzzy vector spaces, Fuzzy Sets and Systems 38 (1990) 329-343.
[10] P. Majumdar and S. K. Samanta, Soft multisets, J. Math. Comput. Sci. 2 (6) (2012) 1700-1711.
[11] Sk. Nazmul, S. K. Samanta, Multisets and Multigroups, Annals of Fuzzy Mathematics and
Informatics 6 (3) (2013) 643-656.
[12] G. Paun and M. J. Perez-Jimenez, Membrane computing: brief introduction, recent results
and applications, Bio Systems 85 (2006) 11-22.
[13] F. G. Shi, C E Huang, Fuzzy bases and the fuzzy dimension of fuzzy vector spaces, Mathe-
matical Communication 15 (2) (2010) 303-310.
[14] R. R. Yager, On the theory of bags, Internat. J. Gen. Systems 13 (1) (1987) 23-37.

MouMITA CHINEY (moumi.chiney@gmail.com)
Department of Mathematics, Visva-Bharati, Santiniketan-731235, West Bengal, In-
dia.

S. K. SAMANTA (syamal_123@yahoo.co.in, syamal.samanta@visva-bharati.ac.in)

Department of Mathematics, Visva-Bharati, Santiniketan-731235, West Bengal, In-
dia.



	Some results on multi vector space. By 

